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Abstract
The rapid development of metro transit systems brings very significant energy consumption, and the high service frequency
of metro trains increases the peak power requirement, which affects the operation of systems. Train scheduling optimization
is an effective method to reduce energy consumption and substation peak power by adjusting timetable parameters. This
paper proposes a train timetable optimization model to coordinate the operation of trains. The overlap time between accel-
erating and braking phases is maximized to improve the utilization of regenerative braking energy (RBE). Meanwhile, the over-
lap time between accelerating phases is minimized to reduce the substation peak power. In addition, the timetable
optimization model is rebuilt into a mixed integer linear programming model by introducing logical and auxiliary variables,
which can be solved by related solvers effectively. Case studies based on one of Guangzhou Metro Lines indicate that, for all-
day operation, the utilization of RBE would likely be improved on the order of 23%, the substation energy consumption
would likely be reduced on the order of 14%, and the duration of substation peak power would likely be reduced on the
order of 66%.

Metro transit systems have been developing rapidly in
recent years because of their convenience and large trans-
port capacity. As a result of increasing energy prices and
environmental issues, the very significant energy con-
sumption of metro transit systems has become a non-
negligible challenge. Energy conservation in metro tran-
sit systems has become a research topic (1). The energy
consumption of metro transit systems can be divided into
two parts: non-traction energy consumption and substa-
tion energy consumption. Non-traction energy consump-
tion refers to the energy required to keep stations,
depots, and other facilities running, which is supported
by the non-traction supply. Substation energy consump-
tion reflects the power required to operate the trains run-
ning on systems, and is supported by the traction
substations (2). The substation energy consumption
accounts for around 50% of the total energy consump-
tion of systems (3). Thus, reducing substation energy
consumption is an effective approach to reduce the
energy consumption of metro transit systems. Energy-
efficient train scheduling and control are effective mea-
sures to reduce substation energy consumption (4), there-
fore, train dispatchers and drivers, respectively, must pay
attention to these two aspects.

Most studies of energy-effective train control focus on
the optimization of speed profiles to minimize motion
resistance. The speed profile optimization problem is to
find the best driving strategy considering the train data,
line data, and operation constraints. The Scheduling and
Control Group of South Australia conducts studies of
speed profile optimization based on Pontryagin’s
Maximum Principle. Speed limits (5) and varying gradi-
ents (6) are introduced into the speed profile optimiza-
tion problem. Jin et al. transformed the speed profile
optimization problem into a mixed integer linear pro-
gramming (MILP) model and solved it by CPLEX solver
(7). However, these studies ignore the utilization of
regenerative braking energy (RBE), which recovers 33%
of the total traction energy (1).

The regenerative braking technique has been widely
applied in metro transit systems (3). For a train with elec-
tric traction motors, the motors can be used as
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generators when braking. The generated RBE can be fed
back into the overhead contact line or the third rail,
which can be utilized by accelerating trains running in
the same substation section. However, if there is no
accelerating train when RBE is produced, then it will be
wasted through thermal resistance. Many strategies and
technologies are proposed to improve the utilization of
RBE to reduce substation energy consumption (8).
Energy storage devices are applied in metro transit sys-
tems to save RBE and manage it (9). Nevertheless,
because of their limited capacity and high cost, energy
storage devices are not widely applied in the real world
(3). Most of the studies focus on coordinating the opera-
tion of trains to make different trains accelerate and
brake at the same time, aiming to improve the utilization
of RBE. Optimizing speed profiles is one of the methods
to coordinate the operation of trains. Sun et al. added an
accelerating regime into the speed profile when RBE was
available (10). The simulation results showed that the
proposed method can utilize RBE efficiently. However,
the optimization of speed profiles without timetable
changes limits the adjustable space for coordination.

Energy-efficient train scheduling is another effective
method to improve the utilization of RBE by adjusting
timetable parameters (e.g., headway, running times and
dwell times). Liu et al. analyzed the relationship between
headway and the utilization of RBE (11). The simula-
tions showed that there was an optimal value maximizing
the utilization rate. Su et al. developed a cooperative
train control model to adjust the departure times of
accelerating trains, to utilize the RBE from braking
trains (12). Liu et al. designed an improved artificial bee
colony algorithm to solve the cooperative control model,
in which headway and dwell times were optimized to
coordinate the accelerating and braking trains running in
the same substation section (13). Wang et al. proposed
an energy-efficient train operation approach by integrat-
ing train scheduling and train control (14). An integrated
model was built based on a space–time network, which
was solved by dynamic programming. In addition,
Albrecht considered reducing the peak power into the
cooperative control model, in which running times were
adjusted to synchronize the accelerating and braking

phases (15). To simplify the cooperative control model,
the overlap time between accelerating and braking phases
is proposed to measure the utilization of RBE (16).
Then, the coordination of accelerating and braking trains
is realized by maximizing the overlap time (17–19). More
related to the present paper, Yang et al. built an integer
programming model to maximize the overlap time by
adjusting headway and dwell times (17). However, only
the overlap time between two successive trains was con-
sidered. Ning et al. considered the overlap time of multi-
ple trains running in the same substation section to
improve the utilization of RBE (18). Zhao et al. pro-
posed a two-objective optimization model, taking into
account the passenger waiting time and the utilization of
RBE to optimize the timetable (19). The utilization of
RBE was improved by overlapping the accelerating and
braking phases. When multiple trains depart from sta-
tions simultaneously, the peak power of a metro transit
system can be very large, which will affect the operation
of the system (20). The peak power can be reduced by
desynchronizing the departure of trains, which is not
considered in the studies based on the overlap time.
Table 1 gives a comparison between studies based on the
overlap time and the present paper.

The main contribution of this paper can be given as
follows.

(1) The overlap time between accelerating phases
(taa) is first proposed in this paper, and its calcu-
lation method is elaborated. In addition, a train
timetable scheduling model considering the opti-
mization of taa is built, in which taa is minimized
to reduce the substation peak power.

(2) The calculation formulas of taa and tab are
linearized by introducing logical and auxiliary
variables. Then the train timetable scheduling
optimization model is rebuilt into a MILP
model, which can be solved by existing solvers to
get the optimal solution.

The rest of the paper is organized as follows:
Coordinating the operation of trains by overlapping
accelerating and braking phases is introduced in the next

Table 1. Literature on Energy-Efficient Train Scheduling Based on Overlap Time

Literature Overlap time category Method

Ramos et al. (16) tab Mixed integer programming
Yang et al. (17) tab Genetic algorithm
Ning et al. (18) tab Genetic algorithm
Zhao et al. (19) tab Simulated annealing algorithm
This paper taa + tab Mixed integer linear programming

Note: tab = overlap time between accelerating and braking phases; taa = overlap time between accelerating phases.
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section. The MILP model of timetable optimization is
then built. Simulations based on one of Guangzhou
Metro Lines are then presented. Finally, a brief discus-
sion and conclusion are given.

Problem Statement

Notations

For a better understanding of this paper, the notations
are introduced as follows.

Symbols
K: number of operating trains in time interval [Ts Te];
2N: number of stations belonging to the substation,
{1,2,.,N} for the up direction, {N + 1, N + 2,.,
2N} for the down direction;
m, n: train indices, m, n2 {1,2,.,K};
i, j: symbol of station, i, j2 {1,2,.,2N21}.

Parameters
t: train running time;
[Ts Te]: optimized time period;
taa: overlap time between accelerating phases;
tab: overlap time between accelerating and braking
phases;
Esub: total substation energy consumption;
Eurbe: total unutilized regenerative braking energy;
Earbe: total available regenerative braking energy;
Psub: substation power;
Pp: substation peak power;
Pn: substation power of train n;
h: utilization rate of regenerative braking energy;
ta,n,i: duration of the accelerating phase of train n
from station i to station i + 1;
tb,n,i: duration of the braking phase of train n from
station i to station i + 1;
Rn,i: running time of train n from station i to station
i + 1;
Ts: minimum safe headway;
Wn,i: dwell time of train n at station i;
d: matrix of logical variable d;
a: matrix of auxiliary variable a;
h: matrix of logical variable h;
b: matrix of auxiliary variable b;
D: matrix of decision variable Dn,i;
A: matrix of decision variable An,i;
X: decision variable matrix of MILP;
F: objective function coefficient matrix of MILP;
M1, m1: inequality constraints coefficient matrices of
MILP;
M2, m2: equality constraints coefficient matrices of
MILP;
waa, wab: weight parameters of taa and tab.

Logical and Auxiliary Variables

d: logical variable to distinguish the relationship
between departure times;
a: auxiliary variable to replace the product of logical
variable d and decision variable;
h: logical variable to distinguish the relationship
between departure time and arrival time;
b: auxiliary variable to replace the product of logical
variable h and decision variable.

Decision Variables
Dn,i: departure time of train n at station i;
An,i: arrival time of train n at station i.

Model Assumption

Accounting for the operation characteristics of metro
transit systems, assumptions are formulated as follows.

(1) When the running time is given, the train control
strategy of this section is fixed. Time lengths of
accelerating and braking phases are constant, and
can be calculated based on the control strategy.

(2) The RBE can be utilized by accelerating trains
operating in the same substation section.
Otherwise, it will be wasted via a thermal resis-
tor. Energy storage technology is not considered.

(3) The substation power is simplified as the sum of
the power of multiple trains running in this sub-
station section. Transmission losses of energy
and auxiliary power consumption are assumed
to be constant.

(4) Improving the utilization of RBE by overlapping
braking and cruising phases is not considered in
this paper, because the effect is not obvious com-
pared with overlapping braking and accelerating
phases. Although trains in cruising phases can
also be drawing energy and could benefit the bet-
ter utilization of RBE, the major consumers of
RBE are accelerating trains.

Coordinating the Operation of Trains

As shown in Figure 1, coordinating the operation of
trains by overlapping accelerating and braking phases
will influence the substation power requirement (21).
Avoiding two trains accelerating at the same time can
reduce the peak power, which can be realized by mini-
mizing taa. Meanwhile, maximizing tab can reduce the
substation energy consumption, where tractive energy
consumption is partly provided by RBE. The tab is an
indirect measure of the utilization rate of RBE (18), and
the taa is an indirect measure of the duration of
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substation peak power. To evaluate the energy-saving
effect, some indicators are introduced as follows.

The total substation energy consumption can be calcu-
lated as:

Esub =

ðTe

Ts

P+
sub tð Þdt ð1Þ

where

Psub tð Þ=
XK

n= 1

Pn tð Þ ð2Þ

P+
sub tð Þ= Psub tð Þ Psub tð Þø 0

0 Psub tð Þ\0

�
ð3Þ

P�sub tð Þ= 0 Psub tð Þø 0

Psub tð Þ Psub tð Þ\0

�
ð4Þ

The total unutilized RBE can be calculated as:

Eurbe =

ðTe

Ts

P�sub tð Þdt ð5Þ

and, the total available RBE can be calculated as:

Earbe =
XN

n= 1

ðTe

Ts

P�n tð Þ
� �

ð6Þ

where

P�n =
0 Pn tð Þø 0

Pn tð Þ Pn tð Þ\0

�
ð7Þ

and, the utilization rate of RBE can be calculated as:

h= 1� Eurbe=Earbe ð8Þ

The substation peak power can be calculated as:

Pp = max Psub tð Þð Þ ð9Þ

Method

The Calculation of Overlap Times

As shown in Figure 2, in the running process of different
directions (up and down) there are two types of overlap
time: overlap time between accelerating phases (taa) and
overlap time between accelerating and braking phases
(tab). The departure and arrival times of trains determine
the relative time position between the accelerating phases
and the braking phases, which affects the calculation of
overlap times. The calculation of overlap times is dis-
cussed in this section, in which train m and train n are
taken as an example to illustrate the complex cases. The
descriptions of the different cases of train coincidence
are based on Ramos et al. (16).

Overlap Time between Accelerating Phases. According to the
relationship between departure times of train m and train
n, the calculation of taa can be divided into six cases as
shown in Figure 3.

Case A1: condition as

Dn, j + ta, n, j ł Dm, i ð10Þ

then, taa can be calculated as

taa = 0 ð11Þ

Case A2: condition as

Dn, j ł Dm, i

Dm, i\Dn, j + ta, n, j ł Dm, i + ta,m, i

�
ð12Þ

Figure 1. A sketch of train coordination.
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Figure 2. Two types of overlap times.

Figure 3. A sketch of six cases of the overlap time between accelerating phases (taa).
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then, taa can be calculated as

taa =Dn, j + ta, n, j � Dm, i ð13Þ

Case A3: condition as

Dm, i\Dn, j ł Dm, i + ta,m, i

Dm, i\Dn, j + ta, n, j ł Dm, i + ta,m, i

�
ð14Þ

then, taa can be calculated as

taa = ta, n, j ð15Þ

Case A4: condition as

Dn, j ł Dm, i

Dm, i + ta,m, i\Dn, j + ta, n, j

�
ð16Þ

then, taa can be calculated as

taa = ta,m, i ð17Þ

Case A5: condition as

Dm, i\Dn, j ł Dm, i + ta,m, i

Dm, i + ta,m, i\Dn, j + ta, n, j

�
ð18Þ

then, taa can be calculated as

taa =Dm, i + ta,m, i � Dn, j ð19Þ

Case A6: condition as

Dm, i + ta,m, i\Dn, j ð20Þ

then, taa can be calculated as

taa = 0 ð21Þ

According to the above analysis of six cases, the cal-
culation of taa of train m running in section [i, i + 1] and
train n running in section [j, j + 1] can be described as

tm, i, n, j
aa = faa Dm, i,Dn, j, ta,m, i, ta, n, j

� �
ð22Þ

Overlap Time Between Accelerating and Braking Phases. Similarly,
according to the relationship between the arrival time
of train m and the departure time of train n, the calcu-
lation of tab can be divided into six cases as shown in
Figure 4.

Case B1: condition as

Dn, j + ta, n, j ł Am, i � tb,m, i ð23Þ

then, tab can be calculated as

tab = 0 ð24Þ

Figure 4. A sketch of six cases of the overlap time between accelerating and braking phases (tab).

6 Transportation Research Record 00(0)



Case B2: condition as

Dn, j ł Am, i � tb,m, i

Am, i � tb,m, i\Dn, j + ta, n, j ł Am, i

�
ð25Þ

then, tab can be calculated as

tab =Dn, j + ta, n, j � Am, i � tb,m, ið Þ ð26Þ

Case B3: condition as

Am, i � tb,m, i\Dn, j ł Am, i

Am, i � tb,m, i\Dn, j + ta, n, j ł Am, i

�
ð27Þ

then, tab can be calculated as

tab = ta, n, j ð28Þ

Case B4: condition as

Dn, j ł Am, i � tb,m, i

Am, i\Dn, j + ta, n, j

�
ð29Þ

then, tab can be calculated as

tab = tb,m, i ð30Þ

Case B5: condition as

Am, i � tb,m, i\Dn, j ł Am, i

Am, i\Dn, j + ta, n, j

�
ð31Þ

then, tab can be calculated as

tab =Am, i � Dn, j ð32Þ

Case B6: condition as

Am, i\Dn, j ð33Þ

then, tab can be calculated as

tab = 0 ð34Þ

According to the above analysis of six cases, the cal-
culation of tab of train m running in section [i, i + 1] and
train n running in section [j, j + 1] can be described as

t
m, i, n, j
ab = fab Am, i,Dn, j, tb,m, i, ta, n, j

� �
ð35Þ

Model

Timetable Optimization Model. To improve the utilization
of RBE and reduce the peak power, a timetable optimiza-
tion model is built to maximize tab and minimize taa. The
objective function can be described as

min
XN

m= 1

XN

n= 1

X2K�1

i= 1

X2K�1

j= 1

waalaatm, i, n, j
aa � wablabt

m, i, n, j
ab

� �
m 6¼ n

ð36Þ

and the optimization model is subject to the following
constraints:

(1) the constraint of runtimes

Am, i � Dm, i =Rm, i

An, j � Dn, j =Rn, j

�
ð37Þ

(2) the constraint of departure times

Dm, i, min ł Dm, i ł Dm, i, max

Dn, j, min ł Dn, j ł Dn, j, max

�
ð38Þ

(3) the constraint of arrival times

Am, i, min ł Am, i ł Am, i, max

An, j, min ł An, j ł An, j, max

�
ð39Þ

(4) the constraint of dwell times

Wm, i, min ł Dm, i � Am, i ł Wm, i, max

Wn, j, min ł Dn, j � An, j ł Wn, j, max

�
ð40Þ

(5) the constraint of minimum safe headway

Dm+ 1, i � Dm, i ø Ts

Am+ 1, i � Am, i ø Ts

Dn+ 1, j � Dn, j ø Ts

An+ 1, j � An, j ø Ts

8>><
>>:

ð41Þ

MILP Model. To convert the timetable optimization model
into a MILP model, logical and auxiliary variables are
introduced to transform the objective function (36) into
a linear equation, in which Equations 22 and 35 should
be linearized. First, the linearization process of Equation
22 is introduced as follows.

Binary logical variables d are introduced to distinguish
the relationship between departure times of train m and
train n, defined as

Dm, i ł Dn, j

� �
, d

m, i, n, j
1 = 1

� �
ð42Þ

Dn, j + ta, n, j ł Dm, i + ta,m, i

� �
, d

m, i, n, j
2 = 1

� �
ð43Þ

Dm, i ł Dn, j + ta, n, j

� �
, d

m, i, n, j
3 = 1

� �
ð44Þ

Dn, j ł Dm, i + ta,m, i

� �
, d

m, i, n, j
4 = 1

� �
ð45Þ
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The definition (42) is equivalent to

Dm, i � tmaxð Þdm, i, n, j
1 +Dn, j ł Dm, i � e

Dm, i � tminð Þdm, i, n, j
1 � Dn, j ł � tmin

�
ð46Þ

where e is a small positive number (typically the machine
precision) that is introduced to transform strict inequality
into non-strict inequality, which fits the MILP frame-
works (22). The three other binary logical variables can
be described in the same way. However, there is the prod-
uct of the decision variable and the logical variable that
does not fit the MILP framework. Thus, an auxiliary
variable a is introduced to replace the product, defined
as

a
m, i, n, j
1 = d

m, i, n, j
1 Dm, i ð47Þ

The definition (47) is equivalent to

a
m, i, n, j
1 ł tmaxd

m, i, n, j
1

a
m, i, n, j
1 ø tmind

m, i, n, j
1

a
m, i, n, j
1 ł Dm, i � tmin 1� d

m, i, n, j
1

� �
a

m, i, n, j
1 ø Dm, i � tmax 1� d

m, i, n, j
1

� �

8>>><
>>>:

ð48Þ

Then, Equation 46 can be described as

a
m, i, n, j
1 � tmaxd

m, i, n, j
1 +Dn, j � Dm, i ł � e

a
m, i, n, j
1 � tmind

m, i,m, j
1 � Dn, j ł � tmin

�
ð49Þ

Similarly, the three other auxiliary variables are intro-
duced to replace the products of decision variables and
logical variables, defined as

a
m, i, n, j
2 = d

m, i, n, j
2 Dm, i,a

m, i, n, j
3 = d

m, i, n, j
3 Dm, i,

a
m, i, n, j
4 = d

m, i, n, j
4 Dm, i ð50Þ

These three auxiliary variables can be described in the
same way as Equation 48. With the help of logical vari-
ables, the calculation formula (22) for taa can be rewrit-
ten as

tm, i, n, j
aa = d

m, i, n, j
3 d

m, i, n, j
4 ½ 1� d

m, i, n, j
1

� �
d

m, i, n, j
2

Dn, j + ta, n, j � Dm, i

� �
+ d

m, i, n, j
1 d

m, i, n, j
2 ta, n, j

+ 1� d
m, i, n, j
1

� �
1� d

m, i, n, j
2

� �
ta,m, i + d

m, i, n, j
1

1� d
m, i, n, j
2

� �
Dm, i + ta,m, i � Dn, j

� �
�

ð51Þ

The products of the two logical variables in Equation 51
also do not fit the MILP framework. Logical variables
are introduced, therefore, to replace these products,
defined as

d
m, i, n, j
5 = d

m, i, n, j
3 d

m, i, n, j
4 ð52Þ

and this binary logical variable is equivalent to

�d
m, i, n, j
3 + d

m, i, n, j
5 ł 0

�d
m, i, n, j
4 + d

m, i, n, j
5 ł 0

d
m, i, n, j
3 + d

m, i, n, j
4 � d

m, i, n, j
5 ł 1

8<
: ð53Þ

Similarly, another two logical variables are defined as

d
m, i, n, j
6 = d

m, i, n, j
1 d

m, i, n, j
5 , d

m, i, n, j
7 = d

m, i, n, j
2 d

m, i, n, j
5 ð54Þ

which can be described in the same way as Equation 53.
Then, Equation 51 can be rewritten as

tm, i, n, j
aa = d

m, i, n, j
5 ta, i + d

m, i, n, j
6 Dm, i � Dn, j

� �
+ d

m, i, n, j
7

Dn, j + ta, j � Dm, i � ta, i

� �
ð55Þ

The products of logical variables and decision variables
in Equation 55 again do not fit the MILP framework.
Auxiliary variables are introduced to replace these prod-
ucts, defined as

a
m, i, n, j
5 = d

m, i, n, j
6 Dn, j,a

m, i, n, j
6 = d

m, i, n, j
7 Dn, j,a

m, i, n, j
7 =

d
m, i, n, j
6 Dm, i,a

m, i, n, j
8 = d

m, i, n, j
7 Dm, i ð56Þ

and these auxiliary variables can be described in the same
way as Equation 48. Then, Equation 55 can be rewritten
as

tm, i, n, j
aa = ta,m, id

m, i, n, j
5 + ta, n, j � ta,m, i

� �
d

m, i, n, j
7

� a
m, i, n, j
5 +a

m, i, n, j
6 +a

m, i, n, j
7 � a

m, i, n, j
8

= faa Dm, i,Dn, j, ta,m, i, ta, n, j, d
m, i, n, j, am, i, n, j

� �
ð57Þ

where

dm, i, n, j =

d
m, i, n, j
1 , d

m, i, n, j
2 , d

m, i, n, j
3 , d

m, i, n, j
4 , d

m, i, n, j
5 , d

m, i, n, j
6 , d

m, i, n, j
7

� �
am, i, n, j =

a
m, i, n, j
1 ,a

m, i, n, j
2 ,a

m, i, n, j
3 ,a

m, i, n, j
4 ,a

m, i, n, j
5 ,a

m, i, n, j
6 ,a

m, i, n, j
7 ,a

m, i, n, j
8

� �
ð58Þ

With the help of logical and auxiliary variables, the cal-
culation formula about taa is transformed into a linear
function (57), which fits the MILP framework. Similarly,
logical and auxiliary variables are introduced to linearize
Equation 35. Binary logical variables h are introduced to
distinguish the relationship between the arrival time of
train m and the departure time of train n, which are
defined as

Am, i � tb,m, i ł Dn, j

� �
, h

m, i, n, j
1 = 1

� �
Dn, j + ta, n, j ł Am, i

� �
, h

m, i, n, j
2 = 1

� �
Am, i � tb,m, i ł Dn, j + ta, n, j

� �
, h

m, i, n, j
3 = 1

� �
Dn, j ł Am, i

� �
, h

m, i, n, j
4 = 1

� �
ð59Þ
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which are equivalent to the function like Equation 46.
Meanwhile, other binary logical variables are introduced
to replace the products of two binary logical variables,
defined as

h
m, i, n, j
5 =h

m, i, n, j
3 h

m, i, n, j
4 ,hm, i, n, j

6 =h
m, i, n, j
1 h

m, i, n, j
5 ,

h
m, i, n, j
7 =h

m, i, n, j
2 h

m, i, n, j
5 ð60Þ

These binary logical variables can be defined in the same
way as Equation 52. Auxiliary variables are introduced
to replace the products of logical variables and decision
variables, defined as

b
m, i, n, j
1 =h

m, i, n, j
1 Am, i,b

m, i, n, j
2 =h

m, i, n, j
2 Am, i,

b
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m, i, n, j
3 Am, i,b

m, i, n, j
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m, i, n, j
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b
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7 Dn, j,

b
m, i, n, j
7 =h

m, i, n, j
6 Am, i,b
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7 Am, i

ð61Þ

These auxiliary logical variables can be defined in the
same way as Equation 48. Then, Equation 35 can be
rewritten as

t
m, i, n, j
ab = tb,m, ih

m, i, n, j
5 � tb,m, ih

m, i, n, j
6 + ta, n, jh
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7

� b
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5 +b

m, i, n, j
6 +b

m, i, n, j
7 � b

m, i, n, j
8

= fab Am, i,Dn, j, tb,m, i, ta, n, j,hm, i, n, j,bm, i, n, j
� � ð62Þ

where
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h
m, i, n, j
1 ,h

m, i, n, j
2 ,h

m, i, n, j
3 ,h

m, i, n, j
4 ,h

m, i, n, j
5 ,h

m, i, n, j
6 ,h

m, i, n, j
7

� �
bm, i, n, j =

b
m, i, n, j
1 ,b

m, i, n, j
2 ,b

m, i, n, j
3 ,b

m, i, n, j
4 ,b

m, i, n, j
5 ,b

m, i, n, j
6 ,b

m, i, n, j
7 ,b

m, i, n, j
8

� �
ð63Þ

After the transformation, the timetable optimization
model can be described as a MILP model. Decision vari-
ables of the MILP model are defined as

X= D,A, d, a,h,b½ �T ð64Þ

where the matrix D can be described as

D= D1, 1,D1, 2 � � �D1, 2K ,D2, 1,D22 � � �½
D2, 2K � � � � � �DN , 1DN , 2 � � �DN , 2K � ð65Þ

Similarly, the matrix A, d, a, h and b can be described in
the same way. Then, the MILP model can be formulated
as

minFX ð66Þ

subject to

M1Xłm1 ð67Þ

M2X=m2 ð68Þ

where F can be defined according to Equations 57 and
62, M1 and m1 can be defined according to the con-
straints (38–41) and the definition of binary logical and
auxiliary variables (48), (49) and (53). M2 and m2 can be
defined according to Equation 37. The MILP problem
can be solved by branch-and-bound algorithms imple-
mented in several existing commercial and free solvers.
In this paper, CPLEX Solver is used to solve the MILP
problem.

Simulations

Simulation Conditions

To verify the performance of the proposed method,
simulations are presented based on the data from one of
Guangzhou Metro Lines. The metro line consists of 15
stations and seven substations. The service time is from
5:30 to 22:30, and the headway for all-day operation
mainly includes three types: 180 s, 270 s, and 360 s.
Considering the dimensions of taa and tab are the same,
the weight parameters waa and wab are both set to be 1.
Substation power data of trains come from a single train
running simulator. The maximum train power is about
15MW, then we define substation power over 16MW as
substation peak power. Three optimal timetables with
different influence factors are compared with the original
timetable, stating as:

� original timetable: timetable which is based on the
pre-given setting;

� optimal timetable (laa = 1, lab = 0): optimal
timetable which only considers minimizing taa;

� optimal timetable (laa = 0, lab = 1): optimal
timetable which only considers maximizing tab;

� optimal timetable (laa = 1, lab = 1): optimal
timetable which considers minimizing taa as well
as maximizing tab.

Simulation for All-Day Operation

The performances of the four timetables for all-day oper-
ation are shown in Table 2. Comparing the original time-
table with the three optimal timetables, the overlap times
have been changed dramatically by adjusting the timeta-
ble. Especially, tab varies from 28,630 s of the original
timetable up to 76,251 s of the optimal timetable (laa =
0, lab = 1), and taa varies from 12,816 s of the original
timetable down to 2,584 s of the optimal timetable
(laa = 1, lab = 0). In addition, changes in the overlap
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times have a huge impact on the substation power. The
utilization rate of RBE varies from 27% of the original
timetable to 30%, 48%, and 50% of the optimal timeta-
ble (laa = 1, lab = 0), the optimal timetable (laa = 0,
lab = 1), and the optimal timetable (laa = 1, lab = 1),
respectively. Compared with the original timetable, the
substation energy consumption of the three optimal
timetables is reduced by 2%, 13%, and 14%, respec-
tively. Meanwhile, the duration of substation power over
16MW varies from 11,730 s of the original timetable to
3,568 s, 11,594 s, and 3,984 s of the optimal timetable
(laa = 1, lab = 0), the optimal timetable (laa = 0,
lab = 1), and the optimal timetable (laa = 1, lab =
1), respectively. Compared with the original timetable,
the duration of substation power over 16MW of the
three optimal timetables is reduced by 70%, 1%, and
66%, respectively. From the all-day operation simulation
results, the advantage of minimizing taa is mainly to
reduce the duration of substation peak power, but it is
limited to improve the utilization of RBE by minimizing
taa. On the other hand, improving the utilization of RBE
can be achieved by maximizing tab. The optimal timeta-
ble (laa = 1, lab = 1) combining minimizing taa and
maximizing tab achieves good performance in both
aspects.

Simulation for Peak and Off-Peak Hours

The performances of four timetables during peak hours
(7:00–8:00) and off-peak hours (14:00–15:00) are shown
in Tables 3 and 4, respectively. The headway during peak
hours (7:00–8:00) is 180 s, and the headway during off-
peak hours (14:00–15:00) is 360 s. During the peak hours,
the utilization rate of RBE of the original timetable is
already at a high level (31%); it can still be improved to
40%, 49%, and 52%, respectively, by applying the pro-
posed methods. Meanwhile, compared with the original
timetable, the duration of substation power over 16MW
of the three optimal timetables is reduced by 69%, 0.1%,
and 65%, respectively. It is almost impossible to reduce
the duration of substation peak power by maximizing
tab. During the off-peak hours, the taa is already at a
small value (40 s), and the beneficial effects brought by
minimizing taa are limited. Only the duration of substa-
tion peak power is reduced from 28 s of the original time-
table to 17 s of the optimal timetable (laa = 1, lab = 0).
Comparing the original timetable with the optimal time-
table (laa = 1, lab = 0), the utilization rate of RBE
drops from 17% to 12%, and the energy consumption
rises from 18,553 kWh to 19,086kWh. On the other
hand, the optimal timetable (laa = 0, lab = 1) and the

Table 2. Performances of Four Timetables for All-Day Operation

Index
Original
timetable

Optimal
timetable

(laa = 1, lab = 0)

Optimal
timetable

(laa = 0, lab = 1)

Optimal
timetable

(laa = 1, lab = 1)

Overlap time between accelerating and braking
phases (tab) (s)

28,630 23,993 76,251 72,683

Overlap time between accelerating phases (taa) (s) 12,816 2,584 14,684 7,056
Energy consumption (kWh) 486,554 477,535 422,191 417,299
Rate of energy saving (%) NA 2 13 14
Utilization rate of RBE (%) 27 30 48 50
Duration of substation power over 16 MW (s) 11,730 3,568 11,594 3,984

Note: RBE = regenerative braking energy; NA = not available.

Table 3. Performances of Four Timetables during Peak Hours (7:00–8:00)

Index
Original
timetable

Optimal
timetable

(laa = 1, lab = 0)

Optimal
timetable

(laa = 0, lab = 1)

Optimal
timetable

(laa = 1, lab = 1)

Overlap time between accelerating and braking
phases (tab) (s)

1,693 1,537 4,566 4,120

Overlap time between accelerating phases (taa) (s) 1,543 323 1,798 882
Energy consumption (kWh) 34,103 32,122 30,107 29,496
Rate of energy saving (%) NA 13 27 30
Utilization rate of RBE (%) 31 40 49 52
Duration of substation power over 16 MW (s) 1,425 446 1,423 498

Note: RBE = regenerative braking energy; NA = not available.
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optimal timetable (laa = 1, lab = 1) still have significant
advantages in energy saving.

The optimal timetable (laa = 1, lab = 0) only focuses
on minimizing taa, where taa and the duration of substa-
tion peak power are reduced to smaller values. Although
trains are coordinated to avoid accelerating at the same
time, the RBE is not fully utilized without overlapping
accelerating and braking phases. The optimal timetable
(laa = 0, lab = 1) is better than the optimal timetable
(laa = 1, lab = 0) in improving the utilization of RBE,
which indicates that the method of maximizing tab is a
better way to reduce energy consumption. Comparing
the three optimal timetables, the timetable optimization
method that involves minimizing taa and maximizing tab
is the best way to improve the energy-efficient effect and
reduce the substation peak power. It has been shown,
therefore, that minimizing taa can reduce the duration of
substation peak power more significantly and maximiz-
ing tab can improve the utilization of RBE more effec-
tively. In addition, combining minimizing taa and
maximizing tab has significant effects both in improving
the utilization of RBE and reducing the substation peak
power.

Discussion

The simulation results show that the duration of substa-
tion peak power can be reduced by minimizing taa and
the utilization of RBE can be improved by maximizing
tab. The timetable optimization model was transformed
into a MILP model by linearizing the calculation of the
overlap times, which makes the model simpler compared
with the models of other studies (16–19). In addition, the
MILP model can be solved to achieve the optimal solu-
tion. The overlap time between accelerating phases (taa)
is introduced first in this paper, and is minimized to
reduce the peak power. The simulation results show that
the timetable optimization method combining minimiz-
ing taa and maximizing tab is more energy-efficient than

the traditional method (16–19) that only considers maxi-
mizing tab. In the studies of energy-efficient train sche-
duling based on the overlap time, the objective goal of
improving the utilization of RBE is simplified to mini-
mize tab, and the simulation results show that the utiliza-
tion of RBE can be improved by minimizing the overlap
time. In addition, to improve the utilization more pre-
cisely and efficiently, the relationship between tab and the
utilization of RBE should be researched in future work.

Conclusions

In this paper, we propose an energy-efficient train sche-
duling approach for metro transit systems. The overlap
time between accelerating and braking phases (tab) is max-
imized to improve the utilization of RBE. Meanwhile, the
overlap time between accelerating phases (taa) is mini-
mized to reduce the substation peak power. Taking into
account the timetable constraints, a timetable optimiza-
tion model has been built to optimize the overlap times.
With the help of logical and auxiliary variables, the opti-
mization model was then transformed into a MILP
model. In addition, simulations are presented to prove the
feasibility of the approach. Thanks to the change in the
overlap times, the utilization of RBE is improved and the
duration of substation peak power is reduced. The adjust-
ment of the departure and arrival times respects the con-
straints (37–41), which results in running times and dwell
times within a reasonable range. Thus, the optimal time-
table can be applied in practice. In the train scheduling
phase, the energy-efficient timetable can be used by dis-
patchers to reduce operational costs. However, not only
the operating costs but also the quality of service should
be considered by dispatchers. In future work, passenger
waiting time and timetable robustness should be consid-
ered to obtain a more efficient timetable. On the other
hand, the timetable rescheduling problem should be
researched in future work to maintain the good qualities
of optimal timetables under disturbances.

Table 4. Performances of Four Timetables During Off-Peak Hours (14:00–15:00)

Index
Original
timetable

Optimal
timetable

(laa = 1, lab = 0)

Optimal
timetable

(laa = 0, lab = 1)

Optimal
timetable

(laa = 1, lab = 1)

Overlap time between accelerating and braking
phases (tab) (s)

970 812 3,030 3,030

Overlap time between accelerating phases (taa) (s) 40 0 24 0
Energy consumption (kWh) 18,553 19,086 15,982 15,982
Rate of energy saving (%) NA 22 14 14
Utilization rate of RBE (%) 17 12 41 41
Duration of substation power over 16 MW (s) 28 0 17 0

Note: RBE = regenerative braking energy; NA = not available.
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